Abstract-Solitons are eigenfunction solutions to certain nonlinear wave equations that arise in a variety of natural and manmade systems. Their rich properties and tractability make them an intriguing component of such systems, often describing largescale or long-term behavior of natural systems, or the information content in certain communication or signal processing systems. However, it is often difficult to detect or estimate the parameters of solitons in such systems due to the presence of strong nonsoliton components or the nonlinear interaction of multiple solitons. The objective of this paper is to develop and investigate the detection and estimation of soliton signals. As a framework for this study, we consider using these nonlinear systems as both signal generators and signal processors in a form of multiplexed soliton communication. In contrast to more conventional uses of solitons in a communications context, our communication system uses soliton systems for signal generation and multiplexing for transmission over traditional linear channels. In addition to their mathematical tractability and the simplicity of the analog circuits used to generate and process them, we show that the soliton signal dynamics may also provide a mechanism for decreasing transmitted signal energy while enhancing signal detection and parameter estimation performance.
From an engineering standpoint, these nonlinear wave equations provide useful models for analyzing natural phenomena as well as the behavior of certain electrical and physical systems. They also constitute building blocks for more complex, yet analytically tractable, signal processing or communication systems. However, in many contexts, it is often difficult to observe solitons in physical systems with rich dynamics since solitons can be masked by strong nonsoliton modes. For example, solitons present as internal waves or as surface waves in many ocean environments can be obscured by energetic radiation modes [11] . In addition, when multiple interacting solitons are present, it can be difficult to resolve or measure them, as is the case for densely wavelengthmultiplexed optical solitons in fiber [12] . For a number of applications, it is important to develop effective techniques for detecting and estimating the parameters of solitons from noisy measurements.
Recently, circuit implementations of certain nonlinear systems that can generate and process analog signals containing solitons, or "soliton signals," were developed in [13] and were presented in [14] . The focus of that paper is on the implementation of a class of soliton systems with analog circuitry and a statistical characterization of their operation in the presence of additive disturbances. In this paper, parameter estimation and detection of soliton signals are considered for this class of systems.
As a framework for exploring detection and estimation of soliton signals, we consider using these nonlinear systems as both signal generators and signal processors in a new multiplexed communication system over traditional linear channels such as coaxial cable or radio frequency broadcast. In the process, we suggest a speculative but plausible communication paradigm in which the parameters of soliton signals are modulated and the nonlinear interaction among solitons is exploited to multiplex signal streams. Parameter estimation and detection for these soliton signals then directly address many of the performance aspects of the proposed communication system.
A plausible scenario in which such a soliton multiplexing system might be used is one where multiple signals or data streams are present at a transmitter that can efficiently combine and transmit them over a wideband linear channel. Multiplexing strategies that combine data and jointly encode or modulate them are capable of exploiting the additional coordination for enhanced receiver performance. While joint encoding (and decoding) of multiple streams in general has a complexity that increases with the number of streams, the soliton modulation and multiplexing techniques developed in this paper have a fixed receiver structure.
One potential benefit to using solitons as carrier signals and the nonlinear systems as multiplexors is that, as we will show, the soliton signal dynamics provide a mechanism for simultaneously decreasing transmitted signal energy and enhancing communication performance. More broadly, there has been a resurgence of interest in analog modulation and coding techniques [15] in efforts to develop communication systems for a variety of broadcast and multicasting scenarios where digital techniques are suboptimal. In this context, this soliton communication system can, in principle, be viewed as a simple form of joint modulation and analog error protection with convenient hardware implementations.
In order to develop this framework, some of the well-known properties of solitons are briefly described in Section II. The remainder of the paper focuses on new ideas and results. In Section III, a communication paradigm is introduced where soliton signals are used as carrier waveforms whose parameters are modulated with information-bearing signals. The associated nonlinear systems can multiplex multiple signals and independently extract them by exploiting the eigenfunction properties of solitons for these systems. The methods and analysis in this paper center mainly on the Toda lattice: a particular nonlinear system that supports soliton solutions and whose implementation via analog circuitry is discussed in detail in [14] . This system, which is described in Section II along with some of the properties of its soliton solutions, forms the basis of a soliton communication paradigm developed in Section IV. In Section V, the effects of unknown channel gain and signal corruption on the dynamics of solitons in the Toda lattice and the processed noise statistics are analyzed, extending the statistical characterization developed in [14] with an analysis based on the inverse scattering transform.
The extent to which the parameters of these soliton signals can be reliably estimated in noise has a significant impact on potential communication applications. Accordingly, Cramér-Rao bounds on parameter estimation error are examined in Section VI. Based on a statistical characterization of the received and processed soliton signals, a set of parameter estimation algorithms are presented in which maximum-likelihood (ML) estimates can be obtained from corrupted measurements. In Section VII, we demonstrate how soliton circuits can be used to enhance the detection of multiplexed solitons in noise. Section VIII contains some concluding remarks.
II. SOLITON SYSTEMS
An important class of solutions to certain nonlinear evolution equations are traveling wave solutions that propagate with constant shape and velocity; these are referred to as "solitary waves." Specifically, a solitary wave solution with temporal and spatial variables and is a traveling wave of the form , where is a fixed constant, and the energy of is localized in . The Toda lattice equations describe one such nonlinear system that possesses solitary wave solutions.
Originally developed to describe a nonlinear spring mass system [16] , the Toda lattice equations govern the dynamics of the diode ladder network shown in Fig. 1 , where each of the shunt impedances is a double capacitor, i.e., [14] . In terms of the voltages across the double capacitors , the Toda lattice equations are (1) or, equivalently, in terms of the diode currents (2) where saturation current in the diodes; thermal voltage; current through the th diode. This set of ordinary differential equations describes the behavior of the cascade system, whose dynamics can be completely specified by the one-dimensional (1-D) signal . When in Fig. 1 is of the form sech
the response of the diode ladder circuit is sech
where , and . The relationship between the amplitude, velocity, and effective pulse-width of these waves leads to narrower waves that are larger in amplitude, which will propagate faster than wider waves that are smaller in amplitude. If a solution to the equation is composed of solitary waves with different amplitudes, then collisions between the solitary waves are possible. The term "soliton" refers to such solitary wave solutions that retain their identity on collision with other solitary waves. As the individual solitary waves approach one another, they begin to interact nonlinearly. However, after passing through one another, they regain their shape and speed with only a slight positional shift [17] .
There are many physical systems that support soliton solutions in a wide range of media [1] , [3] , [5] , [9] . These can be distributed systems with dynamics described by partial differential equations and whose solitons propagate through a bulk medium such as water, optical fiber, or plasma. They can also be lumped or cascade systems in which solitons propagate along a chain of identical nodes, such as in a crystal lattice, a nonlinear ladder network, or a metallic-grating surface acoustic wave device. These cascade soliton systems, such as the Toda lattice, are often described by systems of ordinary rather than partial differential equations. Fig. 2 illustrates soliton behavior in the Toda lattice for two solutions of the form of (4). Each trace in the figure corresponds to the current in the diode at the associated index. As shown in the figure, the Toda lattice exhibits the key features of soliton behavior previously mentioned. This one-parameter family of solutions has an amplitude-dependent velocity with which it passes through the circuit. As the larger soliton catches up to the smaller soliton, as viewed on the sixth node, the combined amplitude of the two solitons is actually less than would result from a linear superposition of the two amplitudes. In addition, the signal shape changes significantly during this nonlinear interaction. Each of these characteristics of soliton interaction has useful implications in the communications context developed in this paper.
A well-known and often defining property of soliton systems is that by means of the inverse scattering transform, they can be described by an equivalent representation through the evolution of a specific linear operator whose eigenvalues remain constant with time. Specifically, soliton systems possess a symmetric linear operator whose temporal evolution satisfies an operator differential equation of the form (5) where is an antisymmetric linear operator, and the nonlinear evolution equation is implicitly determined by (5) . For example, the Toda lattice equations can be expressed in this form, where the elements of a matrix describe the voltages at nodes in the lattice. In this representation, solitons present in the system correspond to eigenvalues in the discrete spectrum of the linear operator . The dynamics of solitons that correspond to different eigenvalues are uncoupled. However, their contributions to the solution in the observed system are nonlinearly coupled. Through a process called "inverse scattering," the state of the system at any time can be completely reconstructed from the eigenvalues and eigenfunctions of . A detailed treatment of the inverse scattering method can be found in [1] .
For the Toda lattice, and are the symmetric and antisymmetric tridiagonal matrices given by . . . If the motion on the lattice is confined to a finite region of the lattice, i.e., the lattice is at rest for , then the spectrum of eigenvalues for the matrix can be separated into two sets. There is a continuum of eigenvalues and a discrete set of eigenvalues for which . When the lattice is at rest, the eigenvalues consist only of the continuum. When there are solitons in the lattice, one discrete eigenvalue will be present for each soliton excited. This separation of eigenvalues of into discrete and continuous components is common to all of the soliton systems solved with inverse scattering. A more detailed investigation of the inverse scattering method as applied to the Toda lattice can be found in [16] .
III. SOLITON MODULATION AND MULTIPLEXING STRATEGIES
To explore some of the properties of the soliton signals generated by nonlinear systems as described in Section II, we propose a simplified example of a multiplexed communication system. By using solitons as carriers that can be independently modulated and multiplexed by the underlying nonlinear systems, the problems of detection and parameter estimation of soliton signals can be related to aspects of performance of the communication system. In this section, we outline the modulation and multiplexing strategy, highlighting the basic ideas without focusing on the detailed system implementation.
In order to use soliton signals as carriers of information, we define a soliton carrier as a periodic soliton signal that has one or more solitons of different parameter values contained within each period. As an example, a soliton carrier with one soliton in each period is depicted in Fig. 3 . Information can Fig. 4 . Multiplexed soliton communication system. The transmitter generates a multisoliton carrier whose parameters are each modulated with different message streams. The multisoliton signal is then multiplexed by the nonlinear system in preparation for transmission over an identity channel. At the receiver, the signal is again passed through the nonlinear system to demultiplex the individual message streams.
be embedded in the parameters of the solitons, which will either affect the shape or relative spacing of the solitons in each period.
In Section II, it was demonstrated that solitons of different parameter values approach and pass through one another as the signal is processed by the nonlinear system. By passing a soliton carrier through a section of the nonlinear system of just the right length, the component solitons in each period of the carrier signal will superimpose; the effect of passing the carrier through the nonlinear system will be to multiplex the component solitons such that they become coincidental in time. If the signal is extracted from the nonlinear system at this point, the multiplexed solitons will remain "frozen" in their current relative positions. At a later point in time, this multiplexed waveform could be demultiplexed by continuing the process. By passing the signal through an equivalent length section of the nonlinear system, the component solitons will finish passing through one another, leaving the carrier once again with multiple nonoverlapping solitons.
By combining the notions of modulating soliton carriers with multiplexing the component solitons within each period, a simple multiplexed communication system can be constructed. The overall process is depicted in Fig. 4 . Specifically, the transmitter takes as input several message streams, which it uses to generate a multisoliton carrier signal whose parameters are each modulated by a corresponding message stream. In the example shown in the figure, this signal consists of two solitons, where the smaller soliton is modulated by stream and the larger by . The modulated soliton carrier is then passed through an appropriate length section of the nonlinear system, which acts as a multiplexor, combining the solitons in time. The output of the multiplexor is a packetized soliton carrier, whose solitons remain fixed in their relative locations since they no longer evolve according to the nonlinear system dynamics.
The output of the transmitter is then sent over a channel. When the channel is an identity channel, the receiver can use a nonlinear system identical to that used for multiplexing to continue the nonlinear evolution of the solitons and thus separate out the component solitons in each period. Each of the individual message streams can then be recovered independently. In order to further develop some of the ideas of soliton carrier modulation and multiplexing, for the remainder of this paper, we focus our attention on one specific class of nonlinear systems: those governed by the Toda lattice equations.
IV. TODA LATTICE SOLITON MODULATION AND MULTIPLEXING
The cascade structure of the Toda lattice system enables a convenient implementation of the modulation and multiplexing ideas of Section III. A periodic soliton carrier signal for the Toda lattice of the form depicted in Fig. 3 can be written as a sum of solutions of the form (4), i.e., (7) Modulating the parameter or the relative positions of the solitons in each period results in a form of scale modulation or pulse-position modulation.
A multisoliton example is shown in Fig. 5 for a four-soliton signal using the Toda lattice circuits developed in [14] . In order for the circuits to act as multiplexors, the carrier signal is a periodically repeated train of four solitons of increasing parameter . As such, this system could support four separate information streams: one on each of the component solitons.
Although presented in the context of the Toda lattice equation, as indicated at the outset of the paper, the soliton modulation techniques developed here are applicable to a variety of soliton systems, both in discrete and continuous time. For example, a similar technique can be used for modulation of the discrete-time solitons generated by the discrete-KdV equation whose circuit implementation is discussed in [14] . Related techniques for modulation of information on soliton carriers were previously proposed by Hirota et al. [18] , [19] . Although their signal generation and processing methods relied on an inexact phenomenon known as "recurrence," the modulation paradigm they presented is essentially a two-soliton version of the carrier modulation paradigm presented here. However, the methods used to generate and multiplex solitons required extremely long lattices for only two solitons and required a specific relationship between the soliton amplitudes. Unlike the methods presented here, such methods do not generalize to an arbitrary number of solitons with arbitrary parameters. Further, the number of nodes in the lattice would increase exponentially with the number of solitons for the restricted set of parameters that could be accommodated.
A. Fourier Spectrum of Toda Lattice Solitons
The soliton demodulation and demultiplexing techniques discussed in this paper assume that there is no convolutional distortion in the received signal, which is the case when the bandwidth of the soliton signals is small compared with the available channel bandwidth, i.e., the channel bandwidth is sufficiently wide (frequency nonselective) to pass the soliton without distortion. We assess the bandwidth requirements by exploring the spectral characteristics of multisoliton signals. A periodic single soliton carrier for the Toda lattice of the form (7) at a fixed node sech (8) where is the period of the carrier, has a Fourier transform given by (9) where , resulting in Fourier series coefficients that fall off exponentially in frequency.
A single period of the two-soliton signal can be written [6] sech sech sech sech (10) with . When the solitons do not overlap in time,
, and the denominator in (10) is approximately unity; therefore, the modulation is essentially the sum of the individually modulated waveforms. As the solitons begin to overlap, the contribution from the multiplicative cross term becomes significant, and spectral mixing of the component messages will occur. This results in bandwidth expansion of the multisoliton signal due to the convolution of the spectra of each of the component solitons.
B. Low-Energy Signaling with Soliton Signals
As depicted in Figs. 2 and 6, there is a net reduction of signal amplitude as multiple Toda lattice solitons interact. As mentioned in Section I, this nonlinear coupling among the component solitons can be exploited to yield a reduction in the energy required to transmit the soliton carrier.
In fact, for a two-soliton carrier, as a function of the relative separation of the two solitons, the energy of the transmitted signal is minimized precisely at the point of overlap. This is shown in the Appendix by analysis of the energy that would be required to transmit the waveform in (10)
As shown in Fig. 6 , when the two solitons are well separated in time,
, and the two component solitons are each distinguishable. In this case, , and the denominator is approximately unity in (10) . However, as the solitons come to interact, , the nonlinear cross term and the denominator in (10) become significant, and the combined signal amplitude decreases.
The resulting effect on the energy of the signal is illustrated in Fig. 7 for several different values of the parameter holding fixed and with . Significant energy reduction occurs for a fairly wide range of separations , indicating that the modulation techniques described in this section could take advantage of this reduction, even though modulation would cause the relative separation to deviate from . For example, for , the relative positions of the two solitons could be modulated by as much as 1.0 while still providing an energy reduction in excess of 20%. The nominal separation for these solitons in a two-soliton periodic carrier could be as small as 1.5 for the solitons to be essentially uncoupled. This would correspond to an "effective modulation depth" of 1.0/1.5 or 67% while maintaining 67% of the energy reduction available. If the multiplexed soliton system were used over an SNR-limited channel, then rather than transmitting the energy-reduced signal, the multisoliton signal could be rescaled to achieve the same SNR over the channel as the separated soliton signal. As we shall see, this has an overall effect of decreasing parameter estimation error at this fixed SNR.
V. CHANNEL EFFECTS
In our preliminary development, the multiplexing and communication contexts described in Sections III and IV considered an identity channel, allowing demultiplexing of the component streams at a receiver by simply processing a received multisoliton waveform with the Toda lattice equations. If these techniques were to be applied in more realistic channels, the multiplexed soliton waveform could undergo significant distortion from transmitter to receiver. In Section V-B, we consider effects of additive noise. In the following section, the issue of unknown channel gain is considered.
A. Gain Normalization
In any practical communication context, a modulation system must be able to combat the presence of an unknown gain due to channel fluctuations. This is a potential drawback of using Toda lattice solitons as carrier signals since these solitons have a specific relationship between the amplitude and pulse width. If the soliton signal sech is transmitted through a channel and arrives at the receiver with an unknown gain , then the soliton dynamics of the signal can no longer be observed from processing the signal directly with the Toda lattice. In general, the signal will give rise to both soliton and nonsoliton components, where the soliton component may be of a different soliton parameter.
Many communication systems combat gain fluctuations with automatic gain control (AGC) to dynamically adjust the gain of a preamplifier in the receiver. To demonstrate the feasibility of AGC for the soliton modulation systems, we consider the effect of an unknown gain on a single soliton processed by the Toda lattice. Since processing the soliton will correspond to a simple time delay only when the unknown gain has been corrected, an AGC system might exploit differences between the input and the processed waveforms and adjust the gain until the processed waveform is a pure time delay of the input. As an example, in Fig. 8 , the peak of the cross-covariance between the gain-adjusted soliton signal and the processed signal at the th node of the lattice is shown as a function of the composite unknown gain . For this example, , and . As shown, the normalized cross covariance has a unique maximum of when the input to the Toda lattice has been properly rescaled, i.e., . This gives an indication that AGC techniques based on feedback of the processed signal can be effective in combating unknown channel gain. However, a variety of issues including how such AGC might be performed for multisoliton signals or modulated multisoliton carriers remains unexplored.
B. Noise Dynamics in Soliton Systems
For even a simple additive noise channel, it is not clear that processing the received multisoliton waveform with the nonlinear evolution equations is an effective means of demultiplexing. In order to assess the degree to which a receiver can demultiplex and demodulate multisoliton signals in noise, it is necessary to first examine both the dynamics of the noise as it is processed and its effects on the soliton dynamics.
For the remainder of this paper, we assume an additive white Gaussian noise channel from transmitter to receiver, i.e.,
, where is the multisoliton signal, and is stationary white Gaussian noise. There are two significant effects of the additive noise on the output of the receiver. First, when the received signal is used as the input to the Toda lattice, then the noise from the channel has a dynamical effect on the solution to the Toda lattice. Our initial analysis of these dynamical effects in [14] focused primarily on the noise component while assuming that at high SNR, the soliton dynamics were unaffected. However, even at high SNR, the additive noise may also have an effect on the actual solitons excited in the lattice. Accordingly, we extend these results in our subsequent analysis developed in this paper, where inverse scattering techniques are used to examine the effects of additive noise on the induced soliton eigenvalues. The results we obtain are important both in developing an understanding of the temporal behavior of the soliton component of the signal and in determining the performance of any parameter estimation algorithms that employ inverse scattering.
As developed in [14] , the dynamics of the Toda lattice equations when driven by white Gaussian noise with low noise power leads to a model in which an input-output relationship from the signal at the zeroth node to the output at the th node has the approximate frequency response otherwise (12) where . The lattice behaves like a lowpass filter and, for , approaches the ideal filter otherwise.
These results are assumed to hold when soliton signals are also present in the input. Specifically, at high SNR, it is assumed that the soliton components are processed independently from the noise and that the noise is still effectively lowpass filtered. The validity of these assumptions was verified in [14] through both linearized analyses and simulation. We next consider a complimentary noise model based on inverse scattering. As described in Section II, the inverse scattering transform provides a particularly useful mechanism for exploring the long-term behavior of soliton systems. In a manner similar to the use of the Fourier transform for describing the ability of linear processors to extract a signal from a stationary random background, the eigenvalues from inverse scattering can effectively characterize the ability of the system to extract the component solitons of a received soliton signal in noise, as we now develop.
To begin, recall that the dynamics of the Toda lattice may be described by the evolution of the matrix given in (6), whose eigenvalues outside correspond to solitons. By considering the effects of small amplitude perturbations to the entries and on the eigenvalues of , we can observe the effects on the soliton dynamics through the corresponding eigenvalues.
Following [20] , we write the matrix in the form , where is the unperturbed symmetric matrix corresponding to the noise-free soliton signal, and is the symmetric random perturbation resulting from additive noise.
By expanding the eigenvalues of the matrix in a convergent series, we obtain [20] , (14) where is the th eigenvalue of , , and are the elements of the matrix defined by , where diagonalizes . Since , then to first order in the elements of , the eigenvalues of are unbiased estimates of the eigenvalues of . In addition, since is a linear combination of the elements of , then if the elements of are jointly Gaussian, which is a reasonable assumption at high SNR; then, to first order, the eigenvalues of will be jointly Gaussian, distributed about the eigenvalues of . The proceeding leads to some important interpretations. When processing small amplitude white Gaussian noise alone, the lattice can be viewed as a dispersive lowpass filter; therefore, the output of the system will approximately be bandlimited white Gaussian noise at each node. In the presence of noise, solitons will be essentially unperturbed, and the noise will remain Gaussian and bandlimited. Via inverse scattering, to first order, small amplitude noise alone only excites eigenvalues corresponding to the nonsoliton continuum. When solitons are also processed, the noise induces a small Gaussian perturbation to the true soliton eigenvalues as well. These properties are exploited in the next two sections, which consider estimation and detection of soliton signals.
VI. ESTIMATION OF SOLITON SIGNALS
In physical or natural systems, it is often necessary to estimate solitons or their parameters from measurements. This is the case, for example, when they are masked by external noise in the measurements or by strong nonsoliton components or when many solitons are superimposed, making them difficult to resolve. These situations can all arise in the communication techniques suggested in Sections III and IV. In this section, we explore soliton parameter estimation by investigating the ability of a receiver to estimate the parameters of the multisoliton carrier from corrupted measurements.
We first determine bounds on the performance of any unbiased estimator of the scale parameters and the relative positions of multisoliton signals in stationary white Gaussian noise with noise power . A bound on the variance of an estimate of the parameter may be useful in determining the demodulation performance of a parameter modulation system, where the component soliton wavenumbers are slightly modulated. When contains two solitons that are separated in time and therefore are not interacting, the multisoliton signal appears as a linear superposition of the two, i.e., sech sech
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As such, each of the component solitons can be treated separately. As we shall see, for large separations, the ability to estimate the parameters and from is the same as estimating from and from , respectively. If the time locations of each soliton are known, then the variance of any unbiased estimator of must satisfy the Cramér-Rao lower bound [21] Var (16) For the infinite observation interval , the Cramér-Rao Bound (16) can be evaluated to be [13] Var (17) A Cramér-Rao bound would also be useful for determining the demodulation performance of pulse position modulation, where the soliton position is slightly modulated. For each of the separated solitons, sech , where is the relative position of the soliton in a period of the carrier, the Cramér-Rao bound for is given by Var sech (18) More generally, when the received signal is a multisoliton waveform where the solitons are multiplexed in time, the signal shape is sensitive to the relative positions of the solitons, and parameter estimation becomes more difficult. We will focus our attention on the two-soliton solution to the Toda lattice sech sech sech sech (19) where (20) with both solitons traveling in the same direction and with ,
where , and .
In the communication context, we are generally interested in parameter estimation with an unknown relative spacing among the solitons. Either the relative spacing of the solitons has been modulated and is therefore unknown to the receiver, or the parameters and are modulated, and the induced phase shift in the received solitons is unknown. In either case, the Cramér-Rao bound for jointly estimating the parameters of a multisoliton signal from observations of can be obtained numerically by forming the Fisher information matrix , where (22) where is the th element of . The usual resulting bound on the estimation variance for parameter is given by [21] Var (23) For large separations , the Cramér-Rao bound for estimating the parameters of either soliton will be unaffected by the parameters of the other. As shown in Fig. 9(a) , when the component solitons are well separated, the bound for either or approaches the bound for estimation of a single soliton with that parameter value in the same level of noise. The bounds for estimating and are shown in Fig. 9 (a) as a function of the relative separation, .
Note that both of the bounds are reduced by the nonlinear superposition, indicating that the potential performance of the receiver is enhanced by multiplexing. As was shown in Section IV-B, the energy of the signal is reduced by multiplexing, which indicates that this performance enhancement is achieved at a lower signal-to-noise ratio since the noise power was held fixed. However, as we let the parameter difference increase, we notice a different character to the bounds. Note that in Fig. 9(b) , the performance of the larger soliton is inhibited by the nonlinear superposition, whereas the smaller soliton is still enhanced. In fact, the bound for the smaller soliton becomes lower than that for the larger soliton near the range . The ability to simultaneously enhance estimation performance while decreasing signal energy is an inherently nonlinear phenomena. Using (16), we obtain the familiar Cramér-Rao bound for linear estimation, which is inversely proportional to the signal energy Var SNR
However, when the signal has a nonlinear dependence on the parameter, the bound is a function of the energy in the derivative of the signal with respect to the parameter rather than signal energy. Bounds for estimating the times of arrival of the two component solitons can also be shown to agree with the single soliton bounds for large separations and are qualitatively similar to those for estimating the scaling parameters.
To illustrate the combined effects of the energy reduction and parameter estimation enhancement that occurs during multiplexing, in Fig. 10(a) , the Cramér-Rao bounds are shown for a fixed SNR, rather than a fixed noise power . If the transmitter were to send information embedded in the parameters of a carrier with separated solitons at an SNR of about 19.7 dB, then the performance of the receiver would be bounded by the Cramér-Rao bounds for separated solitons, e.g., the points labeled "x" and "o" in Fig. 9(a) as given by (17) . For this example, this corresponds to a mean-squared parameter estimation error of 0.1011 and 0.0778 or about 2.15% and 3.62%, respectively. If the transmitter sent the same information embedded in the parameters but prior to transmission multiplexed the solitons using the Toda lattice, then the performance of the receiver would be bounded by the solid and dashed lines in Fig. 9(a) . For this example, this corresponds to a meansquared parameter estimation error of 0.0412 and 0.0540 or about 1.14% and 1.94%, respectively. This reduction in mean-squared parameter estimation error is a result of the increased sensitivity of the multiplexed soliton signal to the parameters and was accomplished with less transmitted signal power. If the SNR of the transmitted signal were the same for the multiplexed and separated signals, for this example, the resulting mean-squared parameter estimation error would decrease even further to 0.0362 and 0.0475 or to 1.0% and 1.7%, respectively. This additional 14% reduction in parameter estimation error is due to the effective increase in available SNR, which is made possible by the reduction in energy of the multiplexed signal. Fig. 10 (a) and (b) explicitly show the mean-squared error reduction that results from boosting the SNR of the multiplexed signal to that of the separated solitons. The original Cramér-Rao bounds for each parameter are indicated using dashed lines and are the same as those in Fig. 9(a) . The bounds that result from rescaling the multiplexed signal are indicated in solid lines and lie below the original bounds. To further illustrate the potential for exploiting the energy reduction, in Fig. 10(b) , the same process was repeated for and . Note that in this example, prior to energy normalization, the mean-squared estimation error for the larger soliton is increased from multiplexing. However, once the SNR of the multiplexed signal is brought to the same level as the separated solitons, the overall mean-squared estimation error for the larger soliton is reduced.
A. Estimation Based on Demultiplexing
In this section, we consider estimating the parameters of soliton signals by first demultiplexing and, therefore, decoupling the component solitons. Once separated, more conventional techniques can be applied to parameter estimation. The algorithms described are representative of the types of operations that might appear in a receiver for the communication techniques suggested in Sections III and IV. As such, the bounds presented in the previous section and the performance of the algorithms in this section should give some indication of potential receiver performance. As a model for the receiver structure, we will focus on the diode ladder circuit implementation of the Toda lattice equations (2), where is the current through the th diode , and for simplicity, the parameters of all circuit elements have been normalized to unity.
When the component solitons in a multisoliton signal are separated in time, the positions of each of the solitons can be estimated independently. Consider estimating the position of one of the separated component solitons in a solution to (2) sech (25) with the parameter known. This is classical time-of-arrival estimation. For observations , where is a stationary white Gaussian process, the familiar maximum likelihood estimate can be obtained through convolution with a matched filter followed by a peak detector [21] .
When the signal contains a multisoliton signal in which the solitons are multiplexed and overlapping in time, then the estimation of the vector of parameters from the received signal becomes more involved. If the component solitons are not well separated, their parameters are tightly coupled to the entire signal and should not be estimated independently. However, the parameters can be decoupled by preprocessing the signal with the Toda lattice. By driving the Toda lattice with the received signal such that (2), there will be a contribution from both the signal component giving rise to and the noise component giving rise to , i.e., , where is the stationary white Gaussian noise process , and is the multiplexed soliton signal . From our linear noise analyses, at high SNR, the noise component of the solution is well approximated as bandlimited white Gaussian noise, whereas the signal component propagates unaffected by the noise. If the component solitons of the signal are well separated by the time they appear in the signal at node , then the ML estimate of the positions of each of the component solitons based on the signal can be obtained by standard matched filtering. Not only are the position estimates equal to those that would be obtained directly from , but they are also much simpler to compute.
To examine empirically the performance of this approach, we consider soliton signals in white Gaussian noise with noise power . Rather than using the circuit hardware that was developed and presented in [14] , computer simulations are used for the experiments in this paper. These simulations are performed using a Runge-Kutta integration routine with a fixed step size . Since the bandwidth limitations of the channel and receiver will restrict the possible range of parameters, and to simplify our simulations, we assume that the receiver is a lowpass filter followed by a Toda lattice circuit, as shown in Fig. 11 . We also assume that the bandwidth of the lowpass filter in Fig. 11 is wide enough to pass the soliton components of completely. The input to the Toda lattice circuit then contains the soliton signal in bandlimited white Gaussian noise.
For the two-soliton signal in (19) , if the component solitons are well separated as viewed on the th node of the Toda lattice, the signal appears to be a linear superposition of two solitons sech sech
where is the time-shift incurred due to the nonlinear interaction. Matched filters can now be used to estimate the time of the arrival of each soliton at the th node. We formulate the estimates (27) where is the time of arrival of the th soliton and node . The performance of this algorithm for a two-soliton signal with is shown in Fig. 12 . Note that although the error variance of each estimate is apparently a constant multiple of the Cramér-Rao bound, the estimation error variance still approaches the bound in an absolute sense as . The scaling parameters can also be estimated by first demultiplexing the component solitons. In [13] , an algorithm that uses velocity filtering techniques to estimate the parameters of the separate solitons through their soliton velocities is presented and analyzed. The performance of such techniques is similar to that of the time-of-arrival estimation techniques, although this does not constitute an ML approach.
B. Estimation Based on Inverse Scattering
Because of the nonlinear manner in which the parameters appear in a multisoliton signal, it is difficult to formulate an ML estimate directly from the received signal , even when the solitons are not multiplexed. However, we can use the inverse scattering framework along with some of the results from Section V-B to construct their ML estimates at high signal-to-noise ratios.
Since the transformation from the signal to the eigenvalue-eigenvector representation of the inverse scattering transform is invertible, then ML estimates of the parameters can be formulated using this representation. The matrix and its inverse scattering decomposition can be obtained from the signal by first driving the lattice with the signal and then sampling the circuit waveforms to construct at a fixed time.
If the current at each node evolves according to the Toda lattice equations, then the eigenvalues of the matrix are time invariant, and the eigenvalues for which correspond to soliton solutions, with . In Section V-B, it was shown that in additive noise at high SNR, the eigenvalues of are, to first order, jointly Gaussian and distributed about the true eigenvalues of the original multisoliton signal. Therefore, the eigenvalues of the matrix generated from constitute ML estimates of the underlying eigenvalues. ML estimates of the parameters can be obtained through the one-to-one mapping from to , . In order to perform eigenvalue estimation, the finite length of a practical implementation of the Toda lattice must be appropriately accommodated. This can be resolved by either using the periodic Jacoby matrix that results from making the periodic assumption or by simply truncating the matrix. It can be shown that for the periodic Toda lattice, the eigenvalues of the periodic Jacoby matrix are also time invariant and correspond to periodic soliton solutions [4] . An example of the joint estimation of the parameters of a two-soliton signal is shown in Fig. 13(a) . The estimation error variance decreases with the noise power at the same exponential rate as the Cramér-Rao bound.
To verify that the performance of the estimation algorithm has the same dependence on the relative separation of solitons as previously indicated, the estimation error variance is also indicated in Fig. 13(b) versus the relative separation . In the figure, the mean-squared parameter estimation error for each of the parameters are shown along with their corresponding Cramér-Rao bound. At least empirically, we see that the fidelity of the parameter estimates are indeed enhanced by multiplexing, even though this corresponds to a signal with lower observational SNR since the noise power was held fixed.
VII. DETECTION OF SOLITON SIGNALS
The inherent difficulties that arise in estimating the parameters of soliton signals also make detecting solitons a difficult task. If the soliton multiplexing strategy described in Sections III and IV were used to send signals from a base station to many receivers, each of the receivers may need to identify whether or not the received signal contained any information directed to them. If their receivers were tuned to specific soliton parameter values, then they would first need to detect the presence of a soliton at the prescribed value prior to demodulation. This would correspond to detection of a single or of multiple solitons that have been multiplexed and received in additive noise.
Detection of either a single soliton or of a signal composed of multiple nonoverlapping solitons in additive white Gaussian noise falls within the context of classical detection. The optimal receiver for a variety of measures, including the Bayes or Neyman-Pearson criteria, involves a matched filter followed by the usual likelihood ratio test. If the relative positions of the solitons were unknown, as would be the case for a modulated soliton carrier, then the two-soliton signal will vary significantly as a function of their relative separation, and the optimal processor is no longer a single matched filter. This leads to the composite hypothesis test where and are soliton one, soliton two, and the two-soliton signals, respectively, and , which usually results in a generalized likelihood ratio test.
Typically, when the waveform shape varies significantly as a function of the unknown parameter, multiple hypotheses are used with one for each value of the parameter sampled over a prespecified range. This is often the approach used for detection of a signal of unknown frequency or unknown spatial direction. For soliton detection, this approach would turn the current problem into one with hypotheses , , and as before, and an additional hypotheses: one for each value of the parameter sampled over a range of possible values. The resulting complexity increases exponentially with the number of component solitons and requires a number of hypothesis tests given by (28) However, as with parameter estimation in Section VI, multisoliton detection can be decoupled by demultiplexing the component solitons in the signal with the Toda lattice. If the component solitons are separated as viewed on the th node, then detection can be more simply formulated using the signal . The invertibility of the lattice equations implies that a Bayes optimal decision based on must be the same as that based on since the likelihood function and are identical for any invertible transformation . Although a generalized likelihood ratio test still must be used, where the value of is needed for the unknown positions of the component solitons, the ML estimate can be simply formulated from using matched filters. Since the ML estimates based on and must be the same, as shown in Section VI, then the detection performance of a generalized likelihood ratio test using those estimates and the signal must also be the same. At high SNR, the noise component of the signal can be well modeled as bandlimited white Gaussian noise, as in Section VI. Therefore, the generalized likelihood ratio test for detection can be performed by first demultiplexing with the Toda lattice equations followed by matched filter processing. We have therefore reduced generalized detection from a case where the composite signal varies significantly as a function of the unknown parameters to one in which each of the separated component solitons varies through only a time shift. This reduces the complexity significantly while maintaining Bayes optimality.
To illustrate this detection algorithm, a hypothesis test between and is considered, where the separation of the two solitons is varied randomly in the interval . A set of Monte Carlo runs has been completed for each of three different levels of the noise power . The receiver operating characteristic for the soliton with is shown in Fig. 14 , where the probability of detection for this soliton is shown as a function of the false alarm probability . For comparison, the receiver operating characteristic that would result from a detection of the soliton alone at the same noise level and with the time-of-arrival known is also shown. The detection index is indicated for each case, where is the energy in the component soliton. The corresponding results for the larger soliton are qualitatively similar, although the detection indices for that soliton alone, with , are 5.6, 4.0, and 3.3, respectively. Therefore, the detection probabilities are considerably higher for a fixed probability of false alarm. Note that the detection performance for the smaller soliton is well modeled by the theoretical performance for detection of the smaller soliton alone. This implies, at least empirically, that the ability to detect the component solitons in a multiplexed soliton signal is unaffected by multiplexing with other solitons. Further, although the unknown relative separation results in significant waveform uncertainty and would require a prohibitively complex receiver for standard detection techniques, Bayes optimal performance can still be achieved with a minimal increase in complexity. of a communication paradigm. Many of the issues that arise in the analysis of this potential communication system are derived from detection and parameter estimation of the transmitted multisoliton signals, including soliton multiplexing, energy compaction, and enhanced estimation and detection performance. Although the multiplexed communication techniques suggested in this paper are highly simplified, they serve to illustrate that with their rich properties, tractability, and relatively simple hardware implementations, soliton signals and systems more generally may ultimately form the basis of advanced systems for a wide variety of communication and signal processing applications. Possible applications include power-efficient joint modulators and multiplexors. These systems could operate purely in analog and be nonlinear, yet have performance that is characterized in closed form.
APPENDIX

A. Proof of Energy Minimization for Two-Soliton Solution
Without loss of generality, we assume and seek the value of that minimizes (11) . Differentiation of (11) yields (29) We now seek the value of that makes the integral (29) equal to zero. This is accomplished by first noting that when in (10), then is an even function of time, centered about . In this case, setting makes even. If it can be shown that by setting that is an odd function, then the integral in (29) is trivially zero. This indeed turns out to be the case in (30), shown at the bottom of the previous page. Note that setting makes each of the terms in the numerator of the first term of (30) even. Setting also makes the denominator of the first term an even function. This term is then multiplied by the second term of (30), which is a constant times an odd function times an even function. Hence, we have several even functions multiplying an odd function, making the entire first line in (30) an odd function. The second line is also seen to be an odd function by similar analysis. As a result, is a stationary point of (11) . To check that this is a minimum, we need to verify that (31) First, we note that (32) Since is real, the first term in (32) is positive. The second term contains , which is real and positive, and , which can be seen to also be positive, as in (33), shown at the bottom of the previous page, where . Since each term in (32) is positive, the integral is therefore positive, and is indeed a minimum.
